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Abstract 

An independent set in a graph is a set of pairwise non-adjacent vertices, and 
01(G) is the size of a maximum independent set in the graph G. A matching is a 
set of non-incident edges, while ^,{G) is the cardinality of a maximum matching. 

If Sfc is the number of independent sets of cardinality k in G, then 

/(G; x) = So + s\x + S2X^ + ... + Sax" , a = a (G) , 

is called the independence polynomial of G (Gutman and Harary [3). If Sj = Sa-j, 
< J < [a/2j, then I{G;x) is called symmetric (or palindromic). It is known that 
the graph G o 2Ki obtained by joining each vertex of G to two new vertices, has a 
symmetric independence polynomial '23'. 

In this paper we show that for every graph G and for each non-negative integer 
k < n (G), one can build a graph H, such that: G is a subgraph of H , I (H; x) is 
symmetric, and / (Go 2Ki; a;) = (1 -I- x)* • I (H; x). 

Keywords: independent set, independence polynomial, symmetric polynomial, 
palindromic polynomial 
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1 Introduction 



Throughout this paper G = {V,E) is a simple (i.e., a finite, undirected, loopless and 
without multiple edges) graph with vertex set V = V{G) and edge set E — E{G). If 
X C V, then G[X] is the subgraph of G spanned by X. By G — we mean the subgraph 
G[V ~W]/\iW CV{G). We also denote by G - -F the partial subgraph of G obtained 
by deleting the edges of F, for F C E{G), and we write shortly G — e, whenever F = {e}. 
The neighborhood of a vertex v £ V is the set Nq{v) = {w : w & V and vw G E}, and 
-^cb] = Nc{v) U {v}; if there is no ambiguity on G, we write N{v) and N[v]. Kn, Pn, Gn 
denote, respectively, the complete graph on n > 1 vertices, the chordless path on n > 1 
vertices, and the chordless cycle on n > 3 vertices. 
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The disjoint union of the graphs Gi , G2 is the graph G = G1UG2 having as vertex set 
the disjoint union of V{Gi),V{G2), and as edge set the disjoint union of E{Gi),E{G2)- 
In particular, nG denotes the disjoint union of n > 1 copies of the graph G. 

If Gi,G2 are disjoint graphs, Ai C V{Gi),A2 C V{G2), then the Zykov sum of 
Gi,G2 with respect to ^1,^2, is the graph (Gi, Ai) + (G2, A2) with V{Gi) U V{G2) as 
vertex set and E{Gi) U E{G2) U {viV2 : wi G Ai,w2 G A2} as edge set. If Ai = T^(Gi) 
and A2 = y(G2), we simply write Gi + G2. 

The corona of the graphs G and H with respect to A C F(G) is the graph (G, A) o iJ 
obtained from G and |A| copies of H, such that each vertex of A is joined to all vertices 
of a copy of H. If A = V{G) we use Go H instead of (G, t^(G)) o if (see Figure[T]for an 
example) . 




Figure 1: G,H and (G, A) o H, where A = {a, 6}. 

Let G, 7J be two graphs and G be a cycle on q vertices of G. By (G, G) A 7J we mean 
the graph obtained from G and q copies of H , such that each two consecutive vertices 
on G are joined to all vertices of a copy of H (see Figure [2] for an example). 




An independent (or a stable) set in G is a set of pairwise non-adjacent vertices. By 
Ind(G) we mean the family of all independent sets of G. An independent set of maximum 
size will be referred to as a maximum independent set of G, and the independence number 
of G, denoted by a(G), is the cardinality of a maximum independent set in G. 

Let Sk be the number of independent sets of size fc in a graph G. The polynomial 

/(G; x) = sq + six + S2X^ + ... + Sax", a = a (G) , 

is called the independence polynomial of G [7] , the independent set polynomial of G jll] . 
In [6], the dependence polynomial D{G; x) of a graph G is defined as D(G; x) — I{G; —x). 

A matching is a set of non-incident edges of a graph G, while /i(G) is the cardinality 
of a maximum matching. Let be the number of matchings of size k in G. The 
polynomial 

M{G; x) — mo + mix + TO22^^ + ••• + m,^x^ , fJ. — fJ. (G) , 
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d e f f a c d 

Figure 3: G2 is the line-graph of and Gi. 

is caUed the matching polynomial of G 

The independence polynomial has been defined as a generalization of the matching 
polynomial, because the matching polynomial of a graph G and the independence poly- 
nomial of its line graph are identical. Recall that given a graph G, its line graph L{G) 
is the graph whose vertex set is the edge set of G, and two vertices are adjacent if they 
share an end in G. For instance, the graphs Gi and G2 depicted in Figure |3] satisfy 
G2 = i(Gi) and, hence, I{G2;x) ^ l + 6x + 7x^ + = M{Gi;x). 

In [7] a number of general properties of the independence polynomial of a graph are 
presented. As examples, we mention that: 

/(GiUG2;a;) = /(Gi;x)-/(G2;a;), 
/(Gi + G2;a;) = I{Gi;x) + I{G2;x) - 1. 

The following equalities are very useful in calculating of the independence polynomial 
for various families of graphs. 

Theorem 1.1 (i) (T^ I{G;x) ^ I{G - v; x) + x ■ I{G - N[v]; x) holds for every v e V{G). 
(ii) I{GoH;x)^{I{H;x)r.l(G;j^), where n = \V {G)\ . 

A finite sequence of real numbers (oq, ai, 02, a„) is said to be: 

• unimodal if there is some k e {0, 1, n}, such that 

ao < ■•■ < flfe-i < flfe > flfe+i > ••■ > an\ 

• log-concave if of > a^-i • a^+i for i € {1, 2, n — 1}. 

• symmetric (or palindromic) if = a„_i, i = 0, 1, [fi/2j. 

It is known that every log-concave sequence of positive numbers is also unimodal. 

A polynomial is called unimodal (log-concave, symmetric) if the sequence of its coeffi- 
cients is unimodal (log-concave, symmetric, respectively). For instance, the independence 
polynomial 

• I{K42 + 3Kj; x) = 1 + 63x + \Mx^ + 343x^ is log-concave; 

• /(i^43 + 3i^7; x) = 1 + 64a; + 147a;^ + 343a;'^ is unimodal, but non-log-concave, 
because 147 • 147 - 64 • 343 = -343 < 0; 

• I{Ki27 + 3i^7; x) = 1 + 148a; + 147a;^ + 343a;^ is non-unimodal; 
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• I{Kis + 3K3 + 4Ki; a;) = 1 + 31a; + 33x^ + 31x^ + is symmetric and log-concave; 

• I{Kc,2 + 'iK/i+AKi; x) = l+68.T + 54a;^ +68a:'^+a;^ is symmetric and non-unimodal. 

It is easy to see that il a{G) < 3 and /(G; x) is symmetric, then it is also log-concave. 
For other examples, see [T], [Tl], [IS], [IB] and [T5]. Alavi, Malde, Schwenk and Erdos 
proved that for any permutation tt of {1, 2, a} there is a graph G with a{G) — a such 

that S^(i) < S^(2) < ... < S^(a) [1]. 

In this paper we show that every graph H derived from the graph G by Stevanovic's 
rules [33] gives rise to the following decomposition 

I {Go 2Ki;x) = (1 + xf ■ I {H; x) , 
for every non- negative integer fc < /i (G) . 

2 Preliminaries 

The symmetry of the matching polynomial and the characteristic polynomial of a graph 
were examined in [13 , while for the independence polynomial we quote [ID] . |23j . and 
[3]. Recall from [13 that G is called a equible graph \i G ^ H o Ki for some graph 
H . Both matching polynomials and characteristic polynomials of equible graphs are 
symmetric [13 . Nevertheless, there are non-equible graphs whose matching polynomials 
and characteristic polynomials are symmetric. 

It is worth mentioning that one can produce graphs with symmetric independence 
polynomials in different ways. We summarize some of them in the sequel. 

2.1 Gutman's construction [8] 

For integers p > 1, q> 1, let Jp^q be the graph built in the following manner [8]. Start 
with three complete graphs Ki, Kp and Kq whose vertex sets are disjoint. Connect the 
vertex of Ki with p — 1 vertices of Kp and with q — 1 vertices of Kq. The graph thus 



Ji,3 



Figure 4: / {J^x, x) ^l + 8x + I4x'^ + x^ and / (J^^s + Kq\ .t) = 1 + 14a:: + l-ix"^ + x^ . 

obtained has a unique maximum independent set of size three, and its independence 
polynomial is equal to 

/ ( Jp,,; x) = l + {p + q + l)x + {pq + 2)x^ + x^ . 

Hence the independence polynomial of G = Jp.^ -I- -fCpg-p-g+i is 

/ (G; a;) = / ( Jp,^; a;) + / (i^p^-p-^+i; x) - I = I + {2 + pq) x + {2 + pq) x"^ + x^, 

which is clearly symmetric and log-concave. 
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2.2 Bahls and Salazar's construction [ [3] 

The Kt-path of length fc > 1 is the graph P{t, k) — {V, E) with V — {wi, U2, ^^t+fc-i} 
and E = {viVi+j \ < i <t + k — 2,1 < j < min{t — l,t + k — i — 1}}. Such a graph 
consists of k copies of Kt, each glued to the previous one by identifying certain pre- 
scribed subgraphs isomorphic to Kt-i. Let d > be an integer. The d-augmented Kt 
path P{t, k, d) is defined by introducing new vertices {u.^i, Ui.c;}*io~^ ^^'^ edges 

{viUij,Vi+iUi^j : j = 1, •■•jrfliij"^ U {vi,uo,j ■■ j = I, d}. Let G = {V,E) and U CV 
be a subset of its vertices. Let v ^ V and define the cone of G on [/ with vertex v, 
denoted G*(C7, v) = (G, U) + Ki, where Ki = {{v} , 0). Given G and [/ and a graph i?, 
we write H + (G, J7) instead of {H, V {H)) + (G, [/). 

Theorem 2.1 5?/ Let t > 2,k > 1, and d > be integers, and let G = (F, &e a 
graph with U a distinguished subset of vertices. Suppose that each of the graphs G, 
G—U, and (G, U)-\-Ki have symmetric and unimodal independence polynomials, and that 
deg(J(G; a:)) = deg(/((G, U) + Ki;x)) = deg(/(G - U; x)) + 2. Then the independence 
polynomial of the graph P{t, k, d) + (G, U) is symmetric and unimodal. 

2.3 Stevanovic's constructions f23j 

Taking into account that sq — 1 and si — \V{G)\ — n, it follows that if I{G;x) is 
symmetric, then sq = Sa and si = Sa-i, i.e., G has only one maximum independent set, 
say S, and n — a(G) independent sets, of size a(G) — 1, that are not subsets of S. 

Theorem 2.2 fSS^ If there is an independent set S in G such that \N{A) n 5| = 2 \A\ 
holds for every independent set A CV (G) — S , then I{G; x) is symmetric. 

The following result is a consequence of Theorem 12.21 

Corollary 2.3 123f (i) If a{G) — a,Sa = 1,Sq_i — \V{G)\, and for the unique stability 
system S of G it is true that \N(v) n S\ — 2 for each v e V{G) — S, then I{G;x) is 
symmetric. 

(ii) If G is a claw-free graph with a{G) — a,So, — 1,Sq_i = |V^(G)|, then I{G;x) is 
symmetric. 

Corollary 12.31 gives three different ways to construct graphs having symmetric inde- 
pendence polynomials (23j . 

• Rule 1. For a given graph G, define a new graph H as: H = G o 2Ki. 




Figure 5: G and i7i = G o 2/^1 . 
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For an example, see the graphs in Figure [SJ J(G; x) = 1 + 6x + 9a:^ + 3x^, while 

I{Hi;x) = (1 + xf (l + I2x + 48a;2 + llx^ + 48a;'' + 12a;^ + x*^) = 
= 1 + IBx + 135x2 + 565a:^ + 1485a;'' + 2601a;^ + 3126x^+ 
+ 2601x^ + 1485a;^ + 565a;^ + 135a;i° + 18a;" + a;^^. 

• A cycle cover of a graph G is a spanning graph of G, each connected component 
of which is a vertex (which we call a vertex-cycle), an edge (which we call an 
edge-cycle), or a proper cycle. Let F be a cycle cover of G. 

Rule 2. Construct a new graph H from G, denoted hy H — F{G}, as follows: if 
G G F is 

(i) a vertex-cycle, say v, then add two vertices and join them to v] 

(ii) an edge-cycle, say uv, then add two vertices and join them to both u and v; 
(Hi) a proper cycle, with 

V{C) ^{v,:l<i<s}, E{C) = {v,v,+i : 1 < z < s - 1} U {i^iwj, 

then add s vertices, say {wi ■ I < i < s} and each of them is joined to two 
consecutive vertices on G, as follows: wi is joined to Ws,wi, then W2 is joined to 
vi,V2, further is joined to V2,v^, etc. 

Figure m contains an example, namely, I{G;x) = 1 -f 6a; + 9x^ + 3x^, while 

I{H2]x) = 1 + 13.x + 60.x2 + 125.a;^ + 125x'' + 60x^ + 13x^ + x'' = 
= (1 + x) (1 + 12x + 48x2 + 77x^ + 48x^ -I- 12x^ -t- x^) . 




Figure 6: G and H2^T (G), where F = {{x} , {a, &, c} , {y, z}}. 

• A clique cover of a graph G is a spanning graph of G, each connected component 
of which is a clique. Let $ be a clique cover of G. 

Rule 3. Construct a new graph H from G, denoted by = ^'{G}, as follows: for 
each Q e add two non-adjacent vertices and join them to all the vertices of Q. 

Figure [7] contains an example, namely, /(G; x) = 1 -I- 6x + Ox^ -|- ix^ , while 

I{H3;x) = 1 + 12x + 48x2 + 77.x^ + 48.x^ + 12x^ + x^. 
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G 




Figure 7: G and -ff 3 = <f> (G), where $ = {{a;} , {a, 6, c} , {y, z}}. 

Theorem 2.4 ]2S!\/ Let H be the graph obtained from a graph G according to one of the 
Rules 1,2 or 3. Then H has a symmetric independence polynomial. 

Let us remark that I{Hi;x) — (1 + x)^ ■ I{H^]x) and I{H2;x) = {1 + x) ■ I{H^]x), 
where Hi , H2 and H3 are depicted in Figures [SJ IHl and [71 respectively. 

2.4 Inequalities and equalities following from Theorem 12.41 

Proposition 2.5 120] Let G = H o 2Ki be with a{G) — a, and (s^) be the coefficients 
of I{G]x). Then I{G]x) is symmetric, and 

So < si < ... < Sp for p = \_{2a + 2)/5j , while 
St > ... > Sa~i > Sa for t — \ {3a — 2)/5] . 

Theorem 2.6 \2Clf Let H be a graph of order n > 2, T be a cycle cover of H that 
contains no vertex-cycles, G be obtained by Rule 2, and a{G) — a. Then I{G;x) is 
symmetric and its coefficients (s^) satisfy the subsequent inequalities: 

Sq < si < ... < Sp, for p = [(a + 1)/3J , and 
Sq > ... > Sa-1 > Sa, for q = [(2a - l)/3l . 

Let H„ , n > 1, be the graphs obtained according to Rule 3 from P„ , as one can see 
in Figure m 




Figure 8: P„ and H„ = fi{P„}. 
Theorem 2.7 fWi If Jn{x) = /(i?„; x), n > 0, then 
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(i) Ja{x) = 1, Ji(x) = I + 3x + x'^ and Jn,n > 2, satisfies the following recursive 
relations: 

J2n{x) ^ J2n-l{x) + X ■ J2n-2{x), n>l, 
J2n^lix) = (1 + x)"^ ■ J2n-2{x) + X ■ J2n~z{x), n > 2; 

(ii) J„ is both symmetric and unimodal. 

It was conjectured in [TH] that I{Hn;x) is log-concave and has only real roots. This 
conjecture has been resolved as follows. 



Theorem 2.8 JS^ Letn>l. Then 

(i) the independence polynomial of Hn is 

L(«+1)/2J 2 TT \ 

I{Hn;x)^ Y{ fl + 4x + a:^ + 2a;-cos^^-^j ; 

s— 1 ^ ^ 

(ii) I{Hn;x) has only real zeros, and, therefore, it is log-concave and unimodal. 

3 Results 

The following lemma goes from the well-known fact that the polynomial P{x) is sym- 
metric if and only if it equals its reciprocal, i.e., 



p{x) = x^^sinp 



(*) 



Lemma 3.1 Let f (x), g (x) and h (x) be polynomials satisfying f (x) = g (x) ■ h {x). If 
any two of them are symmetric, then the third is symmetric as well. 



For H = 2Ki, Theorem 11.11 gives 



I{Go2Ki-x) = (l + x)^" •/ G; 



{l + x)\ 



Since ^^^^^^ = ^^^^ y and deg (/ (G o 2Ki;x)) = 2n, one can easily see that the poly- 
nomial /(Go 2Ki; x) satisfies the identity Q. Thus we conclude with the following. 

Theorem 3.2 ]23f For every graph G, the polynomial I {G o 2Ki; x) is .symmetric. 
3.1 Clique covers 

Lemma 3.3 If A is a clique in a graph G, then for every graph H 
I{{G, A)oH;x)^I {H; x)'^'"^ • /((G, A) +H;x). 
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Proof. Let Gi = (G, A) o H and G2 = ((G, A) + H)[J {{\A\ - 1)H). 
For 5 G Ind(G), let denote the following families of independent sets: 

n'^' ^ {SUW -.W C V{Gi -G),SLIW e Ind(Gi)}, 
n'^'' = {SUW -.W C V{G2 - G), U G Ind(G2)}. 

Since A is a clique, it follows that jS* n j4| < 1. 
Case 1. Sr\A = 0. 

In this case 5* U G VL^^ if and only if 5 U G rif . Hence, for each size m > 15*1, 
we get that 

{S\JW (^Vlf' ■.\S[JW\^m} . 
Case 2. Sr\A = {a}. 

Now, every 5* U G il^^ has W fl V(H) — for exactly one H, namely, the graph 
H whose vertices are joined to a. Hence, W may contain vertices only from {\A\ — 1) H. 

On the other hand, each S\JW £ VL^'' \\asWr\V{H) = for the unique H appearing 
in (G, A) + H. Therefore, W may contain vertices only from {\A\ — 1) H. 

Hence, for each positive integer m > \S\, we obtain that 

{S\JW ^VL^^ ■.\S(JW\^m} . 

Consequently, one may infer that for each size, the two graphs, Gi and G2, have the 
same number of independent sets, in other words, /(Gi; x) = /(G2; a;). 

Since G2 ~ ((G, A) + H) U {{\A\ — 1)H) has \ A\ — 1 disjoint components identical to 
iJ, it follows that /(G2; .t) = / (iJ; .t)'-^'"^ • /((G, A) + H; x). ■ 

Corollary 3.4 If A is a clique in a graph G, then 

I{{G, A) o 2Ki;x) = (1 + xf^^'^ ■ I{{G, A) + 2Ki:x). 

Theorem 3.5 If G is a graph of order n and ^ is a clique cover, then 

I{G o 2i^i; x) = {l + x)'""''*' • /($(G); x). 

Proof. Let $ = {Ai, yl2, Ag}. According to Corollarv l3.4[ each 

(a) vertex-clique of $ yields (1 + a;)^"^ = 1 as a factor oi I{Go2Ki] x), since a vertex 

defines a clique of size 1; 

(h) edge-clique of $ yields (1 + x)^ as a factor of I{G o 2i\ri; x), since an edge defines 

a clique of size 2; 

(c) clique Aj G $, \Aj \ > 3, produces (1 -|- x)'^'^''^^ as a factor of /(G o 27^1; x). 
Since the cliques of $ are pairwise vertex disjoint, one can apply Corollary [33] to all 
the q cliques one by one. 



{suw e rjf^ 



l^U W^l = m} 



{SUW eil^' :\SUW\^ m} 
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Figure 9: Gi ^ K2 o 2Ki, I (d; x) = (1 + xf ■ I ($ {K2) ; a;) = (1 + xf ■ {l + 4x + x^). 




Figure 10: d = K4,o2Ki, G2 = 6i^i U $ (^4) and/(G'i;a;) = {I + xf ■ I {<i> {K4) ; x) . 

Using Corollary 13.41 and the fact that Ai n ^2 = 0, we have 

/((G, Ai U A2) o 2Kux) = /((((G, Ai) o 2Ki) , A2) o 2Kux) = 

= (1 + • /((((G, Ai) o 2i^i) , A2) + 2K,-x) 

= (1 + • /((((G, ^2) + 2ifi) , Ai) o 2ifi; x) 

= (1 + :,fi\M+\A.\)-2 j^^^^Q^ ^ 2i^^^ ^ _^ 2K^. 

Repeating this process with {A3, A4, Aq}, and taking into account that all the 
cliques of $ are pair wise disjoint, we obtain 

/((G o 2Ki; x) = /((G, A1UA2U ... U A,) o 2Ki;x) = 
= (l + x)'(l^^l+l-^^l+-+l^'l)-29.^(((((g^^^)^2^^)^^^^_)^^^)^2i^^.^)^ 

= (l + xf"-2|*l •/($(G);x), 

as required. ■ 

Lemma |3. II and Theorem 13.51 imply the following. 

Corollary 3.6 I23f For every clique cover ^ of a graph G, the polynomial /(<i>(G);x) is 
symmetric. 

3.2 Cycle covers 

Lemma 3.7 If C is a proper cycle in a graph G, then for every graph H 
I{{G, C) o 2H; x) = I [H; a;)'*^' • /((G, G) A H\ x). 

Proof. Let C^{V{C),E (G)), q=\V (G)|, Gi = (G, G)o2i/, and G2 = ((G, G) A H)\J 
(qH). 
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For an independent set S C V{G), let us denote: 

n'^^ ^ {SUW -.W C ViGi) - V{G), SUW e Ind(Gi)} and 
^ {SUW -.W C V{G2) - V(G), SUW e Ind(G2)}. 

Case 1. Sn V(C) = 0. 

In this case S U W G ^Ig^ if an only if S U W € f^g^, since W is an arbitrary 
independent set of 2qH. Hence, for each size m > l^l, we get that 

{S UW e Qg' : \S UW\ = m} = {S U W e nf- : \S U W\ ^ m} 

Case 2. sn V{C) / 0. 
Then, we may assert that 



\{SUW -.W is an independent set in 2{q - \SnV{C)\)H}\ 



since W has to avoid ah the " 7J- neighbors" of the vertices in S* n V{C), both in Gi and 

Hence, for each positive integer m > \S\, we get that 

{S [JW <a : \S iJW\ ^ m} = {S (JW Vl'^^ : \S (JW\ ^ m} 

Consequently, one may infer that for each size, the two graphs, Gi and G2, have the 
same number of independent sets. In other words, /(Gi; x) = /(G2; a;). 

Since G2 has \G\ disjoint components identical to i/, it follows that I{G2]x) = 
(l + x)l'^l ■ I{{G,G) AH;x). m 

Corollary 3.8 If C is a proper cycle in a graph G, then 

I{{G, G) o 2Ki;x) = (1 + x)'*^' • /((G, G) A Ki;x). 

Theorem 3.9 If G is a graph of order n and T is a cycle cover containing k vertex- 
cycles, then I{Go2Ki]x) satisfies 

I{G o 2Ki- a;) = (1 + xf^ ■ I{r{G);x). 
Proof. According to Corollaries 13.41 and 13. 8[ each 



1 as a factor of I{G o 2Ki; x), since a vertex 



(a) vertex-cycle of F yields (1 + x) 
defines a clique of size 1; 

(b) edge-cycle of F yields (1 -I- x)"^ as a factor of I{G o 2Ki;x), since an edge defines 
a clique of size 2; 



(c) proper cycle C £ F produces (1 



as a factor. 



Let F = {Cj : 1 < j < q}U{vi : 1 < i < fc} be a cycle cover containing k vertex-cycles, 
namely, {vi : 1 < i < k}. 
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Figure 11: Gi = C4 o 2Ki, G2 =4:KiUT (C4) and / {Gi;x) = {I + xf ■ I (F (C4) ; x) 

Using Corollary 13.81 and the fact that Ci n C2 = 0, we have 

/((G, Gi U G2) o 2Ki;x) = /((((G, Gi) o 2Ki) , G2) o 2Ki;x) = 

= (1 + • /((((G, Gi) o 2i^i) , G2) A Ki;x) 

= (1 + • /((((G, G2) A i^i) , Gi) o 2i^i; a:) 

= (1 + . /((((G, G2) A K,) , Gi) A K,;x). 

Repeating this process with {G3, G4, G^}, and taking into account that all the 
cycles of F are pairwise vertex disjoint, we obtain 

/((G o 2Ki;x) = /((G, Gi U G2 U ... U Cg) o 2Ki;x) = 
= (1 + . /(((((G, Gi) A ifi) , G2...), G,) A i^i; x) = 

= {l + xr-'' ■mG);x), 

as claimed. ■ 

Lemma [5TT] and Theorem 13.91 implv the following. 

Corollary 3.10 '231 For every cycle cover T of a graph G, the polynomial /(F(G); x) is 
symmetric. 

4 Conclusions 

In this paper we have given algebraic proofs for the assertions in Theorem 12. 4i due to 
Stevanovic [23] . In addition, we have showed that for every clique cover $, and every 
cycle cover F of a graph G, the polynomial /(G o 2X1; a;) is divisible both by /($(G); x) 
and /(F(G);a;). 

For instance, the graphs from Figure [T^ have: /(G; x) = 1 + 6x + Ox^ + 2x^ , while 

/(G o 2Ki]x) = (1 + xf (1 + I2x + 48x2 + IQx^ + 48x^ + 12x^ + x^) = 
= (1 + xf ■ /(F(G); x) = (1 + x)^ • /(<i>(G); x), 
/(F(G); x) = 1 + 13x + 60x2 ^ -^24x^ + 124x'* + 60x''^ + 13x^ + x^ 
/(4>(G); x) = 1 + 12x + 48x2 + 76x^ + 48x^ + 12x^ + x^. 
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G Hi^Go2Kx H2 = 5Ki U T (G) H3 = GJCi U $ (G) 

Figure 12: G with T (G) = {{y, z} , {x} , {a, 6, c}} and $ (G) = {{z} , {x, y} , {a, 6, c}}. 

Clearly, for every k < fi (G) there exists a clique cover containing k non-trivial cliques, 
namely, edges. Consequently, we obtain the following. 

Theorem 4.1 For every graph G and for each non-negative integer k < fJ-{G), one 
can build a graph H , such that: G is a subgraph of H , I (H; x) is symmetric, and 
I{Go2Ki;x) = {l + xf ■ I {H;x). 

The characterization of graphs whose independence polynomials are symmetric is still 
an open problem 23J. 

Let us mention that there are non-isomorphic graphs with the same independence 
polynomial, symmetric or not. For instance, the graphs Gi, G2, G3, G4 presented in 
Figure [T3l are non-isomorphic, while 

I{Gi;x) =I{G2\x) = l + bx + bx^, and 

/(G3; a;) = I{Ga;x) ^l + Qx+ IQx^ + Qx^ + x^. 




Figure 13: Non-isomorphic graphs. 

Recall that a graph having at most two vertices with the same degree is called antireg- 
ular |22j . It is known that for every positive integer n > 2 there is a unique connected 
antiregular graph of order n, denoted by Am and a unique non-connected antiregular 
graph of order n, namely An Pl. In [511 we showed that the independence polynomial 
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of the antiregular graph An is: 

I{A2k-i;x) = (1 + xf + (1 + x)''-^ - 1 and 7(^2^; a;) = 2 • (1 + a;)'= - 1, k>l. 

Let us mention that I{A2k;x) = I{Kk,k',x) and I{A2k-i;x) = I{Kk,k-i] x), where 
Km,n denotes the complete bipartite graph on m + n vertices. Notice that the coefficients 
of the polynomial 

k 

I{A2k;x) = 2-{l + x)''-l = Y.''^^' 

3=0 

satisfy Sj — Sk-j for 1 < j < [fc/2j, while sq ,Sfe, i.e., /(j42fe;x) is ^^almost symmetric^\ 

Problem 4.2 Characterize graphs whose independence polynomials are almost symmet- 
ric. 

n 

It is known that the product of a polynomial P {x) = Yl (^kx'' and its reciprocal 

fe=o 

n 

Q{x) — X] (^n-kx'^ is a symmetric polynomial. Consequently, if /(Gi;a;) and I{G2;x) 

fc=0 

are reciprocal polynomials, then the independence polynomial of Gi U G2 is symmetric, 
because / (Gi U G2; x) = I{Gi;x) ■ /(G2; x). 

Problem 4.3 Describe families of graphs whose independence polynomials are recipro- 
cal. 
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